functoriality [8, 9, 15, 24, 25] and the local Langlands correspondence for general linear groups [18, 19] . Such an application of the progress in the Langlands functoriality seems to be expected. In a recent paper [30] , it is proved that almost all automorphic L-functions occurring in the Shahidi list have at most simple pole at s = 1. Of course, many examples show that automorphic L-functions may have higher-order poles at s = 1 even for irreducible generic unitary cuspidal automorphic representations. For example, the degree 16 automorphic L-functions for irreducible generic unitary cuspidal automorphic representations of GSp(4) × GSp(4) may have a pole at s = 1 of order at most two. The occurrence of the different orders of the pole at s = 1 indicates different endoscopy structures of the cuspidal automorphic representations under consideration, some more details of which can be found in the introduction in [23] and can now be proved by means of [4] .
Another well-known example is that an irreducible unitary cuspidal automorphic representation π of GL 2n (A) is an endoscopy lifting from SO 2n+1 (A) if and only if the exterior square L-function L(s, π, Λ 2 ) has a pole at s = 1, which is known to be a simple pole. We give precise account of this fact in Section 2. Some other special cases of the same nature are studied by many authors. We refer to [7] for preliminarily discussions in this aspect.
Another result in this paper is to show that the order of the pole at s = 1 of L(s, σ, ρ 2 ) carries information of the endoscopy structure of σ. More precisely, we prove the following theorem. (1) The second fundamental automorphic L-function L(s, σ, ρ 2 ) may have a possible pole at s = 1 of order from 0 to n − 1.
(2) L(s, σ, ρ 2 ) has a pole at s = 1 of order r − 1 if and only if there exists a partition n = r j=1 n j with n j > 0 such that σ is an endoscopy lifting (see Section 3 for definition) from an irreducible, generic, unitary, stable, cuspidal automorphic representation σ 1 ⊗ · · · ⊗ σ r of an endoscopy group SO 2n 1 +1 (A) × · · · × SO 2nr+1 (A). Moreover, the endoscopy data are uniquely determined by the given σ (see Section 3 for detail). 
for a finite set S of local places including all Archimedean local places, then the theorem can be proved essentially by a reformulation of the explicit Langlands functorial transfer from SO 2n+1 (A) to GL 2n (A) for irreducible generic unitary cuspidal automorphic representations, which has been established in [9, 15, 24, 25] . We give details of the proof of this theorem in Section 3.
It is expected that analogues of the above theorems for other classical groups can be easily formulated based on the extensions of the work in [24, 25] from SO 2n+1 to all classical groups, and the work in [3, 9, 29, 39] . Guided by the Langlands philosophy, Theorem 1.2 gives a new and interesting example of relation between the poles of certain L-functions and the endoscopy structure of irreducible cuspidal automorphic representations under consideration. A special case when r = n of Theorem 1.2 is a part of [13,
Conjecture 1]. It is not clear if there exists a nonvanishing criterion in terms of a certain period to characterize endoscopy structures of σ as given in the theorem, although it is expected for the special case when r = n in [13] . The results for nongeneric cuspidal automorphic representations are currently still beyond reach in general. However, from the forthcoming work [26] , a certain family of cuspidal automorphic representations of Ramanujan-type can be treated in the same way.
In the last section we discuss certain relation between Theorem 
that is, the partition n = r j=1 n j , is completely determined by the order of the pole at s = 1 of the L-function L(s, σ, ρ) for ρ being the fundamental representations ρ 2 , ρ 4 , . . . , ρ 2[n/2] of the complex dual group Sp 2n (C).
It is expected that the algebraic subgroup H ∨ [n 1 ,...,nr] for the given σ is closely related to the conjectural algebraic subgroup H σ as given in the Langlands problem (Problem 4.1). Some details can be found in Section 4 although we are not be able to prove this here.
The second fundamental L-functions
Let k be a number field and A = A k be the ring of adeles of k. Let G n := SO(2n + 1) be the k-split odd special orthogonal group, which is associated to a nondegenerate quadratic vector space of dimension 2n + 1 with Witt index n. The complex dual group
Since G n is k-split, we may take Sp 2n (C) as the Langlands dual group of G n without loss of generality.
The fundamental representations of Sp 2n (C) are the finite-dimensional complex representations associated to the fundamental weights. They can be constructed by the following (split) exact sequence:
where Λ a (C 2n ) denotes the ath exterior power of C 2n , the contraction map from is the space of the irreducible representation ρ a of Sp 2n (C) with the ath fundamental weight. We prove in this section the Langlands conjecture on the analytic property of automorphic L-functions for the second fundamental L-function L(s, σ, ρ 2 ).
Let ι be the natural embedding of Sp 2n (C) into GL 2n (C). Let Λ 2 be the exterior square representation of GL 2n (C) on the vector space Λ 2 (C 2n ), which has dimension
with ι is a complex representation of Sp 2n (C). By (2.1) and by complete reducibility of representations of Sp 2n (C), we obtain
where ρ 2 is the second fundamental complex representation of Sp 2n (C), which is irreducible and has dimension 2n 2 − n − 1, and 1 Sp 2n is the trivial representation of Sp 2n (C). each σ v for all finite local places has a local Langlands parameter ϕ v such that the correspondence between σ v and ϕ v satisfies the compatibility conditions for local L-, -, and γ-factors and its GL-twisted versions. Of course, for infinite local places, this was known through the work of Langlands [32] . We define for each local place the second fundamen-
This natural definition is also compatible with the recent work of Henniart [20] on the compatibility for exterior square local factors under the local Langlands correspondence for GL over p-adic local fields. It follows from The second fundamental automorphic L-function attached to σ in the sense of Langlands is defined by the following Eulerian product:
It is a theorem of Langlands ( [6] ) that this Eulerian product converges absolutely for the real part of s large. Then for the real part of s large, the following identity follows from (2.4): 
where the local components π v are the same as the ones used in (2.4), (2.5), (2.6), and (2.7). Therefore, we obtain
for the real part of s large and part (1) of the following theorem which is a more precise version of Theorem 1.1. 
as in (2.8) holds for the real part of s large. (2) The Eulerian product defining the L-function L(s, σ, ρ 2 ) converges absolutely for the real part of s greater than one, has meromorphic continuation to the whole complex plane, and satisfies the functional equation
with (s, σ, ρ 2 ) = (s, π, Λ 2 ), the -factor for the exterior square L-function In order to prove this theorem, we recall first the relevant results on L(s, π, Λ 2 )
for irreducible unitary cuspidal automorphic representation π of GL 2n (A).
Theorem 2.2. Let π be an irreducible, unitary, self-dual, cuspidal automorphic represen-
is holomorphic for the real part of
(2) L(s, π, Λ 2 ) has at most a simple pole at s = 1. The proof for (2) follows easily from the theory of the Rankin-Selberg product L-functions L(s, π × π) [10, 35, 37] . Theorem 7.1 of [9] , which is based on the theory of Rankin-Selberg convolution L-functions of SO 2n+1 with GL r (see [39] , or [15] for instance)
2 ) has a pole at s = 1. Theorem A of [15] shows that if L(s, π, Λ 2 ) has a pole at s = 1, then π is a weak is equivalent to that for irreducible unitary generic representations
is holomorphic for Re(s) > 0 (which must be nonzero), that is, Shahidi's conjecture, [38, Conjecture 7.1] holds in the case. By the classification of the unitary dual of GL 2n (k v ) (by Vogan [41] for k v = C, or R, and by Tadić [40] when k v is nonarchimedean), the nontempered exponents α in the classification satisfies the inequalities 0 < α < 1/2, and hence the local exterior square L-factor L(s, π v , Λ 2 ) is holomorphic and nonzero at s = 1.
We now prove Theorem 2.1. Note that the complete exterior square L-function discussed in Theorem 2.2 is given by the Langlands-Shahidi method, while the complete exterior square L-function used in Theorem 2.1 is given via the local Langlands parameterization. As mentioned before, their local components agree at all local places by Henniart's work [20] . Hence we are able to use Theorem 2.2 in order to prove Theorem 2.1.
We have already proved part (1) before stating the theorem. For parts (2) and ( 
11)
where τ j for j = 1, 2, . . . , r, is an irreducible cuspidal automorphic representation of GL 2n j (A) with the properties that
2 ) has a pole at s = 1.
More explicit information about this Langlands transfer will be given in Section 3.
By the work of Moeglin and Waldspurger ( [35] , which refines the work of Shahidi and the work of Jacquet, Piatetski-Shapiro, and Shalika), the Rankin-Selberg convolution Lfunction L(s, τ i ×τ j ) converges absolutely for the real part of s greater than one, has meromorphic continuation to the whole complex plane C, satisfies the functional equation relating s to 1 − s, and has only possible poles at s = 0, 1.
entire. In the case when n i = n j (i = j), τ i and τ j are self-dual and not equivalent. Hence L(s, τ i × τ j ) is still entire. These properties have also been established in [10, Theorem
, by Theorem 2.2, it converges absolutely for the real part of s greater than one, satisfies the functional equation 
, and the Dedekind zeta function ζ k (s)! Corollary 2.5. The global -factor (s, σ, ρ 2 ) has the following formula:
(2.14)
Poles and endoscopy liftings
We discuss here the order of the pole at s = 1 of the second fundamental L-function L(s, σ, ρ 2 ) and the endoscopy structure of the irreducible generic cuspidal automorphic
The theory of twisted endoscopy can be found in [31] . For simplicity, we first recall from [1, 2] the basic structure of all standard elliptic endoscopy groups of SO 2n+1 .
Let n = n 1 + n 2 with n 1 , n 2 > 0. Take a semisimple element
Then the centralizer of s n 1 ,n 2 in Sp 2n (C) is given by
The standard elliptic endoscopy group associated to the partition n = n 1 + n 2 is
3)
and the groups H [n 1 ,n 2 ] exhaust all standard elliptic endoscopy groups of SO 2n+1 , in the sense of [31] .
In general, an endoscopy transfer of automorphic representations from an en- It is clear that the Langlands functorial transfers of automorphic representations can be composed. In our special cases of endoscopy transfers, we may compose endoscopy transfers and still call a composition of endoscopy transfers a (generalized) endoscopy transfer. In this generality, we may consider any nontrivial partition n = n 1 + n 2 + · · · + n r with nonzero n i 's. Then the (generalized) standard elliptic endoscopy group of SO 2n+1 associated to the partition n = n 1 +n 2 +· · ·+n r is SO 2n 1 +1 × · · ·×SO 2nr+1 , and all (generalized) standard elliptic endoscopy groups of SO 2n+1 have this form. Set
4)
where n j > 0 and n = r j=1 n j . It follows that the number r has a range from 1 to n. It is clear that the complex dual group of
(3.5)
We now discuss the dimension of the subspace of H ∨ [n 1 ,...,nr] -invariants in the complex representation Λ 2 • ι of Sp 2n (C). First the space C 2n can be decomposed into a direct sum
Then the space of exterior square has the following decomposition:
Consider the action of the group H ∨ [n 1 ,...,nr] on the space in (3.7) induced from (3.6). For each pair i < j, the space
, and for each l = 1, 2, . . . , r, the space Λ 2 (C 2n l ) decomposes into a direct sum, (ρ 2 ) be as in Proposition 3.1. Then
Part (4) (1) If π = π(σ) is the Langlands functorial transfer of σ, then σ is uniquely determined by π and for every irreducible cuspidal automorphic represen- we have 
On the Langlands problem
In [33] , Problem (II) addresses the possible relation between poles of automorphic Lfunctions and the arithmetic structure of automorphic representations. The arithmetic structure is carried by a mysterious algebraic subgroup of the Langlands dual group L G of G, which is denoted by H π . It is not known how to define H π precisely for a given π.
In general, the group H π may not be the Langlands dual group of a reductive algebraic group over k. We study the relation between the Langlands problem and the Langlands functoriality. To this end, we make the following assumption, which has been verified for many cases, but is still not known in general [7, 12] . As explained in [33] , Problem 4.1 seems to make sense if π is of Ramanujan-type, that is, it is locally tempered at all local places. In this case, it is expected that L(s, π, ρ)
should be holomorphic for the real part of s greater than one. We assume that π is of Ramanujan-type, or simply take π to be generic, and assume that the reductive group G is k-split, so that we may replace the Langlands dual group L G by the complex dual group
Let m π (ρ) be the order of the pole at s = 1 of the automorphic L-function L(s, π, ρ).
where ρ are finite-dimensional irreducible complex representations of G ∨ and
which is closely related to the dimension data in the sense of [34] .
Observable subgroups
Assume that for a given π as above, such an algebraic subgroup H π of G ∨ exists, so that Problem 4.1 has an affirmative solution, that is, one has
for all finite-dimensional irreducible representations ρ of G ∨ . For any ρ ∈ R π , denote by V ρ the space of the representation ρ of G ∨ . By (4.3), we have
Then there exists linearly independent vectors there is a finite-dimensional complex representation ρ of G ∨ and a vector v ∈ V ρ such that A is the stabilizer of v in G ∨ , and the above two definitions are equivalent.
are observable, it follows that A ρ is observable. It is clear that H π ⊂ A ρ for all ρ ∈ R π , and hence we have H π ⊂ ∩ ρ∈Rπ A ρ . Moreover, we prove the following proposition. 
Since H π is a subgroup of A, we know that
Hence ρ ∈ R π and A ρ is a subgroup of A. Therefore A contains ∩ ρ∈Rπ A ρ .
On the other hand, by [17, Lemma 1.1], (H π ) is the smallest observable subgroup of G ∨ containing H π . If we take A = (H π ) in the above argument, we have
By the definition of (H π ) , we have for any ρ ∈ R π , (H π ) ⊂ A ρ , and hence
Therefore, ∩ ρ∈Rπ A ρ = (H π ) is the observable hull of H π .
In general, the algebraic subgroup H π may not be observable, that is, H π is a proper subgroup of ∩ ρ∈Rπ A ρ . Hence, for any irreducible finite-dimensional complex rep-
where A π = ∩ ρ∈Rπ A ρ . In fact, we prove the following proposition. Now we assume that ρ ∈ R π . Then we have m π (ρ) = m Hπ (ρ) ≥ 1 and hence V Hπ ρ = {0}.
, since ρ ∈ R π . Therefore, we have v ∈ V Aπ ρ . We are done.
Relation with functorial transfers
We discuss the relation between the subgroup A π introduced in the previous section and the functoriality structure of π. 
corresponding to the above-given partition n = r i=1 n i with r = m σ (ρ 2 ) + 1. In order to determine the structure of H [n 1 ,...,nr] , that is, the partition n = r i=1 n i , completely in terms of σ, we have to consider more irreducible representations ρ ∈ R σ . Note that the partition n = r i=1 n i is completely determined by σ in Theorem 3.2 by means of the order of poles of the tensor product L-functions L(s, σ × τ). However, this seems not compatible with the Langlands problem (Problem 4.1).
Let ρ 1 , ρ 2 , . . . , ρ n be the fundamental representations of Sp 2n (C). By (2.1), we have the following split exact sequence:
14)
where
ρa is the space of the representation ρ a of Sp 2n (C). We define here that
We want to first investigate the pole at s = 1 of the ath fundamental L-function L(s, σ, ρ a ) for a = 3, 4, . . . , n. For the real part of s large, we have 
Assume that the image π(σ) is given by the partition n = r i=1 n i . Then the order of the pole at s = 1 of L(s, π(σ), Λ a ) is given by
When a = 1, by the theory of principal L-functions in [21] , we know that m π(σ) (Λ 1 ) = 0.
One checks easily that Hom
Hence, in (4.17) equality holds for a = 1.
When a = 2, Proposition 3.1 and Theorem 2.3 show that in (4.17) equality holds again.
For a = 3 and n = 3, the exterior cube L-function L(s, π, Λ 3 ) is holomorphic at s = 1 when π is self-dual following [14, 30] . We make the following assumption which might not hold and depends on the nature of σ in general. Since it is deeply involved, we will not offer any further comments on this assumption here. (Λ a , 1), that is, the equality in (4.17) holds for all a.
In the following we use Assumption 4.6 in our argument.
For the given partition n = r j=1 n j with all n j > 0 determined by π(σ). we write
This is a decomposition as H ∨ [n 1 ,...,nr] -modules. For each j ∈ {1, 2, . . . , r}, as a representation of Sp 2n j (C), one has
denotes the space of the representation ρ a j of Sp 2n j (C). Otherwise, we know that
is irreducible as a representation of Sp 2n j (C), one obtains that
Hence if a j is odd, then we have
Sp 2n j (C) = 0; and if a j is even or zero, then we have dim C Λ a j (C is equal to the number of all ordered r-partitions (l 1 , . . . , l r ) of l satisfying the following conditions:
(l 1 , l 2 , . . . , l r ) is an ordered r-tuple.
It is now easy to deduce the following formula.
Corollary 4.8. The dimension of the H
ρ 2l is given by the following formula: Basically we want to give a more explicit formula for the result stated in Proposition 4.7.
For a given partition n = n 1 + n 2 + · · · + n r , we may assume that (Λ 2l (C 2n )) follows easily from a direct counting of partitions of l = [l 1 , l 2 , . . . ,l r ] subject to the condition 0 ≤ l i ≤ n i .
Corollary 4.9. For a given partition n = n 1 + n 2 + · · · + n r , and for l = 1, 2, . . . , [n/2], 
